Abstract. In this paper we present a probabilistic construction of countable abelian p-groups with prescribed Ulm-sequence. This result provides a different proof for the existence theorem of abelian p-groups with any given countable Ulm-sequence due to Ulm, which is sometimes called Zippin's theorem. The basic idea, applying probabilistic arguments, comes from a result by Erdős and Rényi. They gave an amazing probabilistic construction of countable graphs which, with probability 1, produces the universal homogeneous graph, therefore also called the random graph. P. J. Cameron says about this in his book Oligomorphic Permutation Groups [Cambridge University Press, 1990]
Introduction
One of the most celebrated results in the theory of abelian groups is Ulm's theorem, which states that countable reduced p-groups are uniquely determined, up to isomorphism, by their Ulm sequences (Section 2); cf. Fuchs [13, Vol. 2, pp. 60, 61] .
In a different setting, Fraïssé [12] and Jónsson [18] gave a model-theoretic method which implies, for instance, that there is a countable undirected graph U which is universal, i.e. each countable graph embeds into U , and homogeneous, i.e. each isomorphism between two finite subgraphs of U extends to an automorphism of U . Moreover, with these two properties, U is determined uniquely up to isomorphism. Erdős and Rényi [10] gave a probabilistic construction of countable graphs which,
Preliminaries on valuated abelian p-groups
We first collect the basics for our construction of reduced, abelian p-groups. We define the α-th Ulm subgroups (α an ordinal) inductively. Let p 0 G = G and
The length of a reduced p-group G is the minimal ordinal λ with p λ G = 0. The definition of the p-height α of an element x ∈ G, denoted by h p (x) = α, is an immediate consequence of the definition of Ulm subgroups: the p-height of x is the unique ordinal α < λ with x ∈ p α G \ p α+1 G. Finally, the Ulm-invariants are obtained by the homomorphisms
α+2 G which are induced by multiplication by p.
It is clear that the kernel of μ is a subspace U G (α) of the vector space (p α G/p α+1 G) [p] . This vector space (or its dimension over Z p ) is also denoted by f G (α), and is the α-th Ulm-invariant. If G is countable, then the Ulm-sequence f (α) α<λ = (f G (α)) α<λ must satisfy the following conditions (see [13, Vol. 1, (37.6)]).
(i) There is a countable (minimal) ordinal λ (the length λ = λ(f )) with f (α) = 0 for all α ≥ λ. (ii) dim f (α) ≤ ℵ 0 for all α < λ. (iii) If α < λ, then there is n ∈ N 0 with f (α + n) = 0. Since we are only interested in countable abelian groups, we call a mapping f satisfying these conditions a U-sequence. It follows that for each U-sequence f there is a p-group G with f = f G , which is the existence part of Ulm's theorem from [23] (often named after Zippin because of [24] ; cf. [14] for historical remarks).
There is a natural extension of these notions and results to valuated abelian p-groups, derived in the 1970s and mainly due to Richman and Walker [22] (but see also the references in this fundamental paper). This will be an important tool for our paper.
A valuated p-group is an abelian p-group G with a valuation map v : G −→ λ ∪ {∞} into a large enough ordinal λ adjoining the symbol ∞ such that the following holds for all x, y ∈ G:
≥ α} extends the notion of the α-th Ulm subgroup to valuated p-groups for any ordinal α, and a morphism of valuated groups 
The most important valuation for abelian p-groups is the classical heightvaluation mentioned above. In fact a theorem by Richman and Walker [22, p. 161, Theorem 23] says that any valuation is induced by a height valuation; i.e., for every valuated p-group (G, v) there is a group H with G ⊆ H and height valuation
The valuated Ulm subgroups G(α), G(α + 1) and G(α + 2) are used to define the
Hence we have a map f G,v : λ + 1 −→ Z p − Mod (the category of Z p -vector spaces), which is called the Ulm-sequence of the valuated group (G, v) (for short U-sequence). A U-sequence f = f G,v of a reduced valuated countable abelian pgroup (these are the only ones we are interested in) must also satisfy the conditions (i),(ii),(iii) above; see Richman [20, p. 632] or [19, p. 282, Theorem 5.10] .
is the union of a chain of valuated groups, then f A,v = i<ν f A i ,v i holds naturally.
Extensions of valuated abelian p-groups
In this section, we will investigate extensions of finite valuated abelian groups with a given U-sequence as the bound for their Ulm-invariants. First we will consider 'small' extensions. Definition 3.1. Let f be a U-sequence. We will denote extensions of valuated abelian groups of the form ( 
Extension Lemma 3.2. Let f be a U-sequence such that either its length λ is a limit ordinal or
Then there are a valuated abelian p-group
Proof. We define K naturally by adjoining an element z to H (formally by a pushout) subject only to the relation pz = a. In order to define the valuation v on K, we introduce two cases: We first deal with the non-critical case. We let v H = v, and note that elements of K are of the form x + mz for x ∈ H and 0 ≤ m < p. We put v (x + mz) = min{v(x), α} for each x ∈ H and 0 < m < p. Clearly v satisfies the three axioms (a),(b),(c) (of Section 2) and thus v is a valuation on K. We claim 
by assumption of the non-critical case, and again neither z nor
Now we consider the critical case. We assume that in case f H,v (α) = 0 we are also given a valuated subgroup
First we wish to find and fix an element
Now let v(a) = α + 1. By assumption of the critical case, there is
Finally, assume f H,v (α) = 0. By the assumption of the critical case and the lemma, then f (α) = 0, v(a) = α + 1 and there is x ∈ H with v(x ) = α and v(px + a) ≥ α + 2, as needed. Hence (3.1) follows.
• Next we define the valuation v on K.
∈ A, we also have mx / ∈ A, so in this case we have in particular v (x + mz) = min{v(x), α} for each x ∈ A (from x = mx ).
Next assume that x = mx . Then v(px + ma) = v(px + a) ≥ α + 2 by the choice of x and because multiplication by m does not change the valuation.
We distinguish between three cases.
Case B. Let either v(px + a) be a limit ordinal and px + a = 0 or let px + a = 0 and the length λ of f also be a limit.
Then we may now choose 0 < n ∈ N such that α + n / ∈ v(H) (a finite set) and f (α+n) = 0 (a property of U-sequences). We put v (x+mz) = v (x +z) = α+n ≥ α + 1. Observe that α + n < v(px + a) and f H,v (α + n) = 0.
Case C. Let px + a = 0 and λ = ρ + 1 be a successor ordinal. Then f (ρ) = ℵ 0 by the hypothesis of the lemma.
In this case we let
It is straightforward to check that v is a valuation on K, and it remains to show that f K,v ≤ f in these cases. Let x ∈ H, 0 < m < p and β = v (x + mz).
If
If β > α, we have x = mx . In Case A, we have
the element x + mz could contribute to such an increase. But here we have v(px + a) ≥ α + 2, so in Cases A and B, and if ρ > α also in Case C, we obtain v (x + z) ≥ α + 1 and
by assumption of the lemma. Hence, in these cases
The referee kindly pointed out the following example (now) showing that the assumptions for Lemma 3.2 are also necessary. Take f to be a U-sequence of length ω + 1 with f (n) = 1 for all n < ω and f (ω) = 1. Moreover, let H = x be the cyclic group of order p with valuation v(x) = ω and take a = 0 in H and α = ω. Then the extension (K, v ) ⊇ (H, v) in the lemma does not exist.
For later use we note that the assumption of Lemma 3.2 on the length λ of f was used only in Case C of the proof above. Now we can show that the finite valuated p-groups with given bound for their Ulm-invariants satisfy the amalgamation property. 
Amalgamation Lemma 3.3. Let f be a U-sequence and (A, v), (B, v) and (H, v) be finite, reduced, valuated abelian p-groups such that
Proof. We may assume that B = A, y for some y ∈ B \ A with py ∈ A. We choose an element y ∈ B \ A such that v(y) = sup(v(B \ A)) (this is to say that y is a proper element; see [13] ) and furthermore, v(py) ≥ v(py ) for each y ∈ B\A with v(y) = v(y ). Put a = py and α = v(y). Subsequently, we will either find a valuated embedding ϕ : B −→ H or we construct an extension (K, v ) ⊇ (H, v) as in the Extension Lemma 3.2 and a valuated embedding ϕ : B −→ K, depending on several cases.
We show that here we will not need the assumption of Lemma 3.2 on the length λ of f .
First we assume that the quadruple (H, v, a, α) realizes the non-critical case of the proof of Lemma 3.2. Then we construct (K, v ) with K = H, z , z ∈ K \H and pz = a as in the proof of Lemma 3.2. Then f K,v ≤ f , and we define ϕ : B −→ K by (x + my)ϕ = x + mz for all x ∈ A and 0 ≤ m < p. Since py = a = pz, clearly ϕ is a group embedding with ϕ A = id A and yϕ = z. As noted above, resp. by definition of v , we have
Hence ϕ preserves the valuation.
Therefore from now on we assume that (H, v, a, α) satisfies the conditions of the critical case of the proof of Lemma 3.2. For later use we note the following condition Secondly assume that px + a = 0. Then we construct K = H, z with pz = a ∈ A and the valuation v on K using the element x as described in the proof of Lemma 3.2. Note that by our assumption px + a = 0, Case C cannot occur, and we obtain f K,v ≤ f . We define ϕ : B −→ K by letting (x + my)ϕ = x + mz for each x ∈ A and 0 ≤ m < p. Since py = a = pz and z / ∈ H, ϕ is a group embedding. As noted above and by x / ∈ A and the construction of v we have v(x + my) = min{v(x), α} = v (x + mz) for each x ∈ A and 0 < m < p. Hence ϕ : B −→ K is a valuated embedding with ϕ A = id A , as needed.
By assumption of the critical case, we have Hence v(a) ≥ α+2 and thus also v(px +a) ≥ α+2. Now we construct K = H, z with pz = a and the valuation v on K using the element x , as described in the proof of Lemma 3.2. Note that since px + a = 0, Case C cannot occur and we obtain f K,v ≤ f . As in Case 1, by x / ∈ A the mapping ϕ : B −→ K with (x + my)ϕ = x + mz for each x ∈ A and 0 ≤ m < p is a valuated embedding with ϕ A = id A .
The Amalgamation Lemma 3.3 fixes a gap in the proof of the corresponding result in [7] (where, on p. 59, Case 2, the element a in general only satisfies v(a ) ≥ β, instead of v(a ) = β).
Let f be a U-sequence. We say that a
valuated group (G, v) realizes all one-point f -extensions of finite subgroups if whenever (A, v) ⊆ (G, v) is a finite subgroup and (A, v) ⊆ (B, v ) is a one-point f -extension, there is an embedding
In order to state the connections between our result and [7] we recall some notation from [7] .
• homogeneous if each isomorphism between two finite valuated subgroups of (G, v) extends to an automorphism of (G, v). It follows from standard back-and-forth arguments (cf. [7] ) that a group (G, v) ∈ C f is homogeneous and universal for C f if and only if (G, v) realizes all one-point f -extensions of finite subgroups, and any two such objects are isomorphic. Now we show
Lemma 3.4. Let f be a U-sequence and (G, v) a valuated abelian p-group such that f G,v ≤ f . Assume that (G, v) realizes all one-point f -extensions of finite subgroups. Then v = h G is the height valuation of G, and f
Proof. This was shown in Droste and Göbel [7, pp. 59-60 ], but we include the argument for the convenience of the reader. First we claim It remains to show that f G = f . By assumption and the above, f G = f G,v ≤ f . Choose any α < λ and any Z p -vector space V of dimension f (α). We write v ) is a one-point f -extension. By our assumption, we can successively embed the (
In order to prove the existence part of Ulm's theorem, it therefore remains to construct a group (G, v) ∈ C f which realizes all one-point f -extensions of finite subgroups. Since the finite valuated groups in C f by Lemma 3.3 satisfy the amalgamation property, it follows from a category-theoretic version of the Fraïssé-Jónsson theorem from model theory that there is such an object (G, v) ∈ C f as required; cf. [7] . In the sequel we will give a probabilistic construction of groups (G, v) ∈ C f . 4. The probability for realizing given Ulm-sequences
The construction. Let f be a countable Ulm-sequence of length λ = λ(f ).
If f has finite length and is the Ulm-sequence of an abelian p-group G, then G is bounded and thus a direct sum of cyclic groups by the Baer-Prüfer Theorem (see [13, p. 88, Theorem 17.2] ). Hence the characterization of G is obvious. By Definition 2.2 (for v = h p ) G is a finite direct sum of homogeneous summands
with the convention that G α = 0 if f (α) = 0. Thus we may assume that λ ≥ ω. We will construct a reduced abelian p-group (G, +) with domain G = N 0 and Ulm-invariant f G ≤ f . For κ = ∞ and for each ordinal κ < λ, we let I(κ) = {α < κ | α an ordinal, f(α) = 0 or κ = α + 1}, and we assume that we are given a discrete probability measure μ κ on I(κ), i.e. α∈I(κ) μ κ (α) = 1 and μ κ (α) = 0 for each α ∈ I(κ). We will obtain (G, +) as the union of a chain (A i ) i∈N 0 of finite valuated abelian p-groups with
) as valuated subgroups for each i ∈ N 0 . We proceed as follows.
Let A 0 = {0}. For each i ∈ N 0 , let p i = p i . Now let i ∈ N 0 and assume the group (A i , +, v i ) with valuation v i has been constructed. We will construct the group (A i+1 , +, v i+1 ) with A i+1 = A i , p i such that A i+1 has universe {0, . . . , p i+1 − 1} and pp i ∈ A i in four probabilistic steps. First, choose j ∈ {0, . . . , i} with probability 1 i+1 . Second, choose a ∈ A j with probability 1 p j . Third, we choose an ordinal α ∈ I(v i (a)) with probability μ v i (a) (α). Finally, we select any subgroup A of A j fairly with equal probability p(A j ).
We now distinguish between several cases. If (A i , v i , a, α) realizes the non-critical case of the proof of Lemma 3.2, then we construct (
realizes the critical case of the proof of Lemma 3.2.
First, in case all elements x ∈ A i as in condition (3.1) satisfy px + a = 0, then we construct A i+1 = A i , p i with universe {0, . . . , p i+1 − 1}, pp i = a and f A i+1 ,v i+1 ≤ f in an arbitrary way (e.g., by any predetermined process). This is clearly possible by the finiteness of A i and the assumption that λ(f ) ≥ ω.
Second, assume there is x ∈ A i as in condition (3.1) with px + a = 0. Then we construct (A i+1 , v i+1 ) with A i+1 = A i , p i , pp i = a and v i+1 (p i ) = α as described in the proof of Lemma 3.2. We restate the main steps.
We choose, say, a minimal element x ∈ A i (with respect to the natural order of A i ) with v i (x ) = α, v i (px + a) ≥ α + 2, px + a = 0, and x / ∈ A if possible. We use x to extend the valuation to A i+1 . If x = mx , then put v i+1 (x + mp i ) = min{v i (x), α}, and if x = mx and v i (px + a) = γ + 1 is a successor ordinal, then put v i+1 (x + mp i ) = γ, and finally, if v i (px + a) is a limit ordinal, then v i+1 (x+mp i ) = α+n for some suitable n ∈ N (with α+n / ∈ v i (A i ) and f (α+n) = 0). Note that by our assumption px + a = 0, Case C cannot occur. Hence we obtain
4.2. The Main Theorem. We want to establish the following. Proof. We show that with probability 1, the group (G, +, v) constructed realizes all one-point f -extensions of finite subgroups. Then the result follows from Lemma 3.4.
Since λ is countable, there are only a countable number of one-point f -extensions of finite subgroups of (G, +, v). Note that the intersection of countably many events of probability 1 again has probability 1. Hence it suffices to consider an arbitrary fixed one-point f -extension (B, v) of a finite subgroup (A, v) of (G, +, v) and to show that it is realized almost surely.
By assumption there is y ∈ B \ A such that B = A, y and a = py ∈ A. We may assume that v(y) = sup v(B \ A) and v(py) ≥ v(py ) for each y ∈ B\A with v(y) = v(y ). Put α = v(y). As we showed in the proof of Lemma 3.3 
and hence α ∈ I(v(a)).
Since A is finite, there is j ∈ N 0 with A ⊆ A j . Choose any i ≥ j. We wish to determine a lower bound for the probability that there is a valuated embedding ϕ : B → A i+1 with ϕ A = id A .
The probability that in the first step of our construction of A i+1 we chose this number j is 1 i+1 . Next, the probability that in the second step we chose precisely this element a is 1 p j . The probability that we determine v(p i ) to be exactly α = v(y) is μ v(a) (α). We note that μ v(a) (α) = 0. The probability that we choose A as our subgroup of A j is p(A j ). In total, the probability of realizing all these conditions is Thus the probability that there is no embedding ϕ : B → A i+1 with ϕ A = id A is at most 1 − i+1 . Consequently, the probability that for no i ≥ j there is an embedding ϕ : B → A i+1 with ϕ A = id A is at most i≥j (1 − i+1 ) = 0 by a standard result of analysis on infinite products, since i≥j i+1 = ∞. Therefore the one-point f -extension (A, v) ⊆ (B, v) is realized in (G, +, v) by our construction with probability 1.
We note that this construction leaves us certain freedoms. For example, when we construct A i+1 given A i and the choices of a and α, there are in general several ways to define the addition on the set A i+1 in order to obtain a valuated abelian pgroup having A i as subgroup as prescribed. Here, for simplicity we take the natural addition given by (x + mp i ) + (y + np i ) = (x + y) + (m + n)p i for all x, y ∈ A i and 0 ≤ m, n < p, and with pp i = a.
Any other construction of the addition of A i+1 (subject to the given restrictions) would work equally well, but it would determine in Section 5 the conditional probabilities described there and thereby lead to a different probability space Ω.
5. The probability space (Ω, A, μ) for Theorem 4.1
For the reader interested in a formal description we give an exact definition of the probability space (Ω, A, μ) related to Theorem 4.1. We follow [9] ; see also [11] for basic notions.
Let f be a countable Ulm-sequence of length λ ≥ ω and (μ k ) k≤λ a sequence of discrete probability measures as in Section 4.1. For n ∈ N again let A n = {0, . . . , p n − 1}. Our construction produces a valuated p-group G = (N, +, v) with subgroups A n ⊆ G for all n ∈ N and Ulm-invariant f G,v ≤ f . Therefore let Ω denote the set of all valuated p-groups G = (N 0 , +, v) on N 0 with Ulm-invariant f G,v ≤ f such that A n is a subgroup of G, for all n ∈ N. Similarly, for each element n ∈ N 0 , let Ω n be the set of all valuated p-groups on A n , i.e. all pairs of relations (+, v) on A n such that (A n , +, v) is a valuated abelian p-group, and A m ⊆ A n is a valuated subgroup for all m ≤ n.
We want to define a discrete probability measure μ n on each Ω n (n ∈ N 0 ). Let n ∈ N 0 and assume that we have defined μ n on Ω n . If (+, v) n ∈ Ω n , then we want to extend the valuated p-group
Our probabilistic procedure (Section 4.1) thus determines the intuitive conditional probability v) n , we obtain a discrete measure μ n+1 on Ω n+1 such that P ((+, v) n+1 | (+, v) n ) becomes the exact conditional probability of (+, v) n+1 , given its restriction (+, v) n to A n . Inductively, we get
Finally we want to extend μ n (n ∈ N) to Ω. There is a natural mapping g n : Ω n+1 −→ Ω n , which is the restriction just described. Given any (+, v) n ∈ Ω n , then
Hence we obtain a projective system whose projective limit is Ω.
If (A, +, v) ∈ Ω and n ∈ N, let π n (+, v) = (+, v) A n . Then the Borel σ-algebra A on the projective limit is generated by {π
The Prokhorov extension theorem (see [1, Section 3.1]) asserts that there exists a unique probability measure μ on A satisfying μ(π −1 (+, v) n ) = μ n ((+, v) n )) for all n ∈ N and (+, v) n ∈ Ω n . Here π −1 (+, v) n are the relations of those valuated p-groups in Ω to which (+, v) n can be extended; thus the probability of this generating set in A equals μ((+, v) n ), the probability of having constructed (A n , (+, v) n ) in finitely many steps. Therefore the probability space (Ω, A, μ) is the space of all possible valuated abelian p-groups that we consider. Now we formulate our main result (Theorem 4.1) as follows.
Theorem 5.1. Let f be a countable Ulm-sequence of length λ ≥ ω and (μ κ ) κ≤λ be a sequence of discrete probability measures as above. In the probability space (Ω, A, μ) for f as above, the set {G ∈ Ω | f G = f } has measure 1.
We want to apply the theorem to abelian groups G with the cancellation property. This is the case if, for any abelian groups H and K, G ⊕ H ∼ = G ⊕ K implies H ∼ = K. We derive the following amusing corollary Corollary 5.2. Let f be a countable Ulm-sequence of length λ > ω and at least one infinite value. In the probability space (Ω, A, μ) for f the set {G ∈ Ω | G has the cancellation property} has measure 0.
Hence countable abelian p-groups with the cancellation property, even if we permit just a few more with some infinite Ulm-invariant, are rare. This is the probabilistic implication of Crawley's theorem:
Proof. By Theorem 5.1, the set {G ∈ Ω | f G = f } has measure 1. Hence {G ∈ Ω | f G < f} has measure 0 and contains the set {G ∈ Ω | f G ≤ f, f G is finite }. By Crawley [4] the latter set characterizes the Ulm-invariants ≤ f of groups G with the cancellation property; see also Fuchs [13, p. 67, Exercise 6] .
(Clearly, if we restrict f to finite Ulm-invariants and let (Ω, A, μ) be its probability space, then all groups from Ω have the cancellation property.) As a further example, we note that as a consequence of Theorem 4.1, the two subsets A = {G ∈ Ω | f G,v = f } and B = {G ∈ Ω | v G = h G } both have measure 1, but are in general not contained in each other. Indeed, any G ∈ Ω with v G = h G and f G < f satisfies G ∈ B \ A. Conversely, choose an infinite reduced valuated p-group (G, v) with v = h G and put f = f G,v . Then an isomorphic copy G of G belongs to Ω; hence G ∈ A \ B.
We note that given the Ulm-sequence f , the set Ω can also be endowed, in a natural way, with a metric yielding a complete metric space Ω of abelian p-groups on N. Then the collection of all groups G ∈ Ω with f G = f can be shown to be co-meagre (the complement of a meagre set), hence again 'large', now in the topological sense. For background see Cameron [3] , for similar results on topological spaces of Scott domains see [8] , and for related recent results see Goldstern [15] .
